Abstract: Carrier-smoothed-code filters for differential Global Navigation Satellite System (GNSS) positioning can be partitioned into two groups: position domain filters and range domain filters. In carrier-smoothed-code filtering, noise terms of incremental carrier phase act as equivalent propagation noise. The equivalent propagation noises in carrier-smoothed-code filtering are temporally correlated and bounded in time, unlike white Gaussian noises in Kalman filtering. Thus, it seems that carrier-smoothed-code filtering does not inherit all the characteristics of classical Kalman filtering. To demonstrate that position domain filtering is better than range domain filtering a rigorous analysis is performed.
Introduction
Due to the diversity of measurements, a Global Navigation Satellite System (GNSS) enables self-contained filtering for position estimates even under dynamic environments. The carriersmoothed-code algorithm proposed by [1] maximally utilizes the information redundancy provided by GNSS. Here, the terms 'code'and 'carrier' denote pseudorange and carrier phase measurements, respectively. Compared with other types of filtering for precise differential positioning, carrier-smoothed-code filtering does not require assumed dynamic models or fastrate aiding sensors for time propagation. Extending the range domain filter introduced by [1], position domain filters have been subsequently introduced. The three most representative among these are the complementary filter proposed by [2] , the phase-connected filter proposed by [3] , and the stepwise unbiased position projection filter (SUPF) proposed by [4] .
In a carrier-smoothed-code filter, code measurements provide absolute position information while incremental carrier phase measurements provide displacement information. Thus, code noise acts as measurement noise and carrier noise acts as propagation noise. According to classical Kalman filtering theory, where all the noise terms are assumed white Gaussian, repetition of time propagation without measurement update would accumulate large estimation error without bound due to white Gaussian propagation noise [5] . In addition, position domain filtering (filtering in the state space) always shows better performance than range domain filtering (filtering in the measurement space) [6] .
For differential carrier-smoothed-code filtering, incremental carrier phase measurements are prepared by differencing two instantaneous carrier phase measurements at successive epochs.
Equivalent propagation noise in carrier-smoothed-code filtering is not white Gaussian since successive incremental carrier phase measurements share the same instantaneous carrier phase measurement [4] . Thus, basic insights obtained from Kalman filtering theory are not guaranteed to hold in the case of carrier-smoothed-code filtering. It is obvious that estimation error without measurement update by code measurements would not suffer accumulation of large error as long as the carrier phase signal is locked. Also, it is not clear that position domain filtering would still be preferred over range domain filtering in the case of carrier-smoothed-code filters.
The noise magnitudes of code and carrier phase measurements vary between different types of receivers. Furthermore, including the ionosphere-free, wide-lane, and narrow-lane combinations, various types of equivalent carrier phase measurements are available nowadays [7] . As can be easily verified, performance of any carrier-smoothed-code filter is largely affected by the magnitudes of the noise of the code and carrier phase measurements. Thus, when comparing the position domain and range domain filter algorithms, a rigorous analysis is more desirable than a limited number of simulations or experiments.
Motivated by the necessity for such an analytical comparison, this paper proposes an efficient analysis procedure to compare carrier-smoothed-code filters formulated both in the position domain and range domain. For the analysis, a stepwise optimal position projection filter (SOPF), a stepwise unbiased position projection filter (SUPF), and a stepwise optimal range projection filter (SORF) are utilized. Compared to other carrier-smoothed-code filters formulated in the position domain, the SOPF and SUPF introduced in [4] are advantageous in the context of performance analysis since they consider minimal number of states and provide consistent error covariance information. The SORF is a range domain carrier-smoothed filter that is based on the same stepwise minimization procedure as the SOPF and SUPF. Though specific filter algorithms are used, the analysis procedure presented here also provides an efficient methodology for obtaining tight upper bounds of position domain filters that are time-varying in nature due to changes in satellite geometry. This paper is organized as follows. In Section II, the SOPF, SUPF, and SORF are summarized. In Section III, five theorems are analyzed with respect to the error covariance information provided by the position and range domain filters. Finally, concluding remarks will be given.
Carrier-smoothed-code filters with consistent error covariance
To extract the complete information transmitted by a GPS satellite, a receiver's channel consists of two signal tracking loops, the Delay Lock Loop (DLL) and the Phase Lock Loop (PLL) [8] . The DLL is responsible for generating the pseudoranges, while the PLL generates the accumulated carrier phase observables. The pseudoranges and carrier phases measured by a single receiver are contaminated by a variety of error sources, including receiver clock bias, thermal noise, satellite clock bias, ionospheric delay, tropospheric delay, and multipath disturbance. If a user's receiver and a reference receiver are located close by, the commonmode error sources such as the satellite clock bias, ionospheric delay, and tropospheric delay can be effectively eliminated [7] [8] [9] . This type of data combination is referred to as singledifferencing. The multipath error can be effectively detected and mitigated by various other methods [10] [11] [12] [13] [14] [15] . The corrected pseudorange φ (assuming the common-mode errors and multipath error have been eliminated) can be modelled as [7] [8] [9] : 
Related to the true state vector
δ , and k P will be used to represent the a priori state estimate, a priori estimation error, a priori error covariance matrix, a posteriori state estimate, a posteriori estimation error, and a posteriori error covariance matrix at the k -th step for all the three filters, respectively.
To denote the true displacement information, the symbol k X ∆ will be used:
If it is necessary to discriminate the variables of the three different filters, the superscripts o , s , and r are used to denote the SOPF, SUPF, and SORF, respectively.
Position Domain Filters
In the position domain carrier-smoothed-code filters, all the channelwise scalar measurements participate in position estimation concurrently, as they are acquired. Thus, vector form notation is more convenient in describing position domain filters. Adopting vector notations, the indirect measurement vector k Z to update the position estimate k X from to k X is written as follows:
where
written as follows:
By applying a stepwise minimization procedure [4] to the measurement vectors k Z and 1 + Ω k for measurement update and time propagation, respectively, the SOPF algorithm is obtained as follows.
Initialization:
Time-Propagation: 
If computational efficiency is desired over theoretical accuracy, the SUPF can replace the SOPF. The main difference between the SOPF and SUPF is in the formulation of the gain matrix with respect to time propagation. The SUPF algorithm is summarized as follows.
Initialization:
Time-Propagation:
In both the SOPF and SUPF, the estimation error changes according to the following recursive relations:
( 1 5 ) By the information sharing principle [16] , the error covariance update shown in Eqs. (11) and (14) are commonly replaced by the following equation (where superscripts are omitted for clarity):
Range Domain Filter
The SORF generates two range estimates: a compressed pseudorange 
With an understanding of the above subtle differences between range domain filtering and 10 position domain filtering, the SORF algorithm can be easily derived by applying the same stepwise minimization procedire that was used to derive the SOPF and SUPF [4] . The resultant SORF algorithm is summarized as follows.
Initialization:
Analytical comparison of position domain and range domain filters
Due to the characteristics of projection matrices [17] , the following matrix inequality holds for any time step k and for any satellite geometry: 
The proof of Theorem 3 is omitted since it is obvious. Interested readers can refer to [4] . From now on, it will be shown that (46): 
Lemma: Boundedness and equivalence of scalar covariance recursion
By combining Eqs. (17) , (18), and (52), it can be shown that the error covariance matrices by combining the range domain filter is lower bounded by the following inequalities: 
Corollary: Asymptotic performance bounds
If the visible satellite set does not change, the error covariance matrices of the three proposed filters satisfy the following matrix inequality for all s k k ≥ after the geometry-free error factor enters into a steady states condition: 
Conclusion
This paper has proposed a theoretically rigorous analysis procedure that compares the position domain and range domain carrier-smoothed-code filters for differential GNSS positioning. The analysis is performed utilizing the consistent error covariance matrices of the SOPF, SUPF, and SORF as performance measures. In spite of peculiar noise characteristics that occur in propagating errors in time, it has been shown that filtering in the position domain is, in theory, more advantageous than range domain carrier-smoothed-code filtering. This is also the case for classical Kalman filtering. However, it was also shown that if the visible satellite set does not change during a sufficiently long time interval, the performance of all three filters is similar.
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